Abstract.
1. Introduction. The theory which relates the regions of analyticity of a given function to the degree of convergence of polynomials of best approximation to that function is well known (see [3, §4.7] ). The corresponding theory for rational approximation, however, is not yet complete. In the present paper we develop this theory by showing that the degree of convergence of rational functions of best approximation to a given function can be used to describe regions in which the approximated function is meromorphic. To be more explicit, let E be the closed interior of a Jordan curve in the z-plane and let w=(biz) map the complement of E conformally onto the exterior of the unit circle in the w-plane so that 0(°°) = °°a nd <£'(°o)>0. Let T, (a>l) denote generically the locus |<£(z)| -<* and let E" be the interior of Tc.
We shall approximate functions defined on the set P by rational functions of prescribed types. A rational function rn"(z) is said to be of type (n, v) if it is of the form
where p"(z) is a polynomial of degree at most n and qv(z) is a polynomial of degree at most v. The following result concerning the degree of approximation by rational functions of type (n, v) is due to J. L. Theorem 1. Suppose f(z) is a function which is analytic on the set E and meromorphic with at most v poles {multiplicity included) in the region E" (1 <p ^ °° ). Then there exists a sequence of rational functions rn"(z) of respective types (n, v) which satisfy (1) lim sup[max|/(z) -rn,(z) \ ; z on p]1'" g l/p (<l).
n-* »
The object of this paper is to establish the converse to Theorem 1, namely Theorem 2. Let f(z) be a function continuous on the closed bounded Jordan region E. If rational functions rnv(z) of respective types (n, v), v fixed, n = 0, 1, • • ■ , exist satisfying (1), then the function f(z) can be extended so as to be analytic on E and meromorphic with at most v poles in the region E".
For the special case of approximation by polynomials, i.e., for v = 0, Theorem 2 was proved by Walsh [3, p. 78 ] who extended an earlier result due to S. Bernstein. (In fact, for v = 0 Theorem 2 holds not only for E a closed Jordan region but for any compact point set E whose complement is connected and regular.) The validity of Theorem 2 for v>0 is mentioned by Walsh in [4, p. 6] as an open problem. The difficulty in extending the proof of the theorem from v = 0 to v>0 lies in the fact that for v>0 the finite poles of the rn,(z), whose locations are not specified, may be everywhere dense in the complement of E. In §2 we shall prove Theorem 2 by applying Hadamard's classical results on the location of polar singularities. As an immediate consequence of Theorems 1 and 2 we obtain the following result concerning best rational approximation: Theorem 3. Suppose f(z) is analytic on the closed bounded Jordan region E and for each pair (n, v) let
where the infimum is taken over all rational functions R"v(z) of type
n-*oo Then:
(i) The sequence py is nondecreasing.
(ii) p" is the largest number a with the property that f(z) is meromorphic with at most v poles in the region E".
(iii) If pv>pr-i, thenf(z) has precisely v poles in EPf.
(¡v) p = lim»-.«, p" is the largest number a with the property that f(z) is meromorphic in E". (1 < p g oo),
/,-i//k = p<r.
Proof. Since the poles of the sn,(z) lie in |z| >o-, we may write snv(z) =pn(z)/qn(z), where pn(z) is a polynomial of degree at most n and qn(z) is a polynomial of the form Hence from (6) and (10) there follows h-i/p^vl?, and the last inequality obviously implies (7), even for the case p= «.
From Theorem 4 and Lemma 2 we deduce that Theorem 2 holds for P=A". We consider another special case of Theorem 2 in Thus as a consequence of Lemma 2 we have k-i/h^pff, and on letting a-n we obtain 1,-i/l^pr.
It now follows from Theorem 4 that g(w) is meromorphic with at most v poles in \w\ <pr. This proves Lemma 3.
From Lemma 3 it is easy to deduce Theorem 2. For if P is a closed bounded Jordan region and KR<p, then there exists [3, §2.1] a set E'EE such that E' is the closed interior of an analytic Jordan curve and such that EEE'B. Since inequality (1) holds with P replaced by E', Lemma 3 implies that /(z) is meromorphic with at most v poles in the region E'p. But E/,/REiEB)p/s = E'^. Therefore, since P (> 1) is arbitrary, it follows that/(z) is meromorphic with at most v poles in E". This completes the proof of Theorem 2.
